We derive the Lorentz self force for an arbitrarily moving charged particle via averaging the retarded fields. The derivation is simple and at the same time pedagogically accessible. We obtain the radiation reaction for a charged particle moving in a conic. We pin down the underlying concept of mass renormalization.
is the acceleration of the point charge.
The radiating point charge produces a self force which acts on the point charge itself. The
Lorentz self force 1 arising due to a point charge conceived as a uniformly charged spherical shell of radius s is given by
where,
• the quantity 2 3 q 2 4πε 0 c 2 s in the first term stands for electromagnetic mass and becomes divergent as s → 0 + ,
• the second term represents the radiation reaction, and is independent of the dimension of the charge distribution, and
• the third term corresponds to the first finite size correction and is proportional to the radius of the shell s.
The field due to a point charge on itself is called the self field. The electromagnetic field goes to infinity at the position of a point charge. In order to circumvent the problem of divergence of the field at the point charge, it is plausible to consider the averaged value of the field in the suitably small closed region surrounding the point charge as the value of the field under consideration at the position of the point charge.
We shall be considering for our purpose, an average field on the surface of a spherical shell of radius s due to a point charge q sitting at the center of the shell. An average field 2 over the surface of a spherical shell of radius s is defined by
where is the surface of the spherical shell of radius s. We now define the self field as
where the field E( r, t) depends upon the position and motion of the charge particle at the retarded time. The field due to an accelerated charged particle is the sum of the velocity fields as well as the acceleration fields:
The average self field contribution from the velocity fields (for v << c) on the surface of a spherical shell due to a charged particle at its center gets filtered out of E( r, t) because for each spatial point ( say (s x , s y , s z )) on the surface there exists a corresponding point
However, the average self field contribution from the acceleration fields over the surface of a spherical shell due to a charged particle situated at the center of the shell turns out nonzero because the acceleration fields involve a term s.( s. a) which is even in s. Moreover, it leads to radiation reaction as well as a term associated with the electromagnetic contribution to mass.
II. RADIATION REACTION FROM A POINT CHARGE IN AN ARBITRARY

MOTION
The field 1 due to a point charge in an arbitrary motion is given by
where | s| = s and t Ret = t − s/c. The first term represents the velocity fields E V el ( r, t) and is the independent of the acceleration of the point charge. The second term represents acceleration fields E Acc ( r, t) and exists only when a = d v dt = 0. Thus, for a = 0, there will be no radiation. For sufficiently small speed of the point charge ( in the limit v/c → 0 ) the field takes the form
FIG. 1. A charged particle in arbitrary motion.
Where,
The velocity and corresponding acceleration of the point charge are given by
Now, the average field over the surface of sphere is E( r, t) = 1 4πs 2 dθdφs 2 sin θ E( r, t)
where s( s. a) may be expressed as
The vector s in the spherical polar coordinates is given by
Now,
cos φdφ = 0 and
We can show that
where δ ij = 1 for i = j and 0 otherwise with i, j = x, y, z. The average field now becomes
In the limit s → 0 + , we get
Thus, the self field E Self ( r, t) yields
Now, the self force for the point charge limit is given as:
which is same as equation (2) in the limit s → 0 + . The self force can be expressed in terms of r and θ variables as
As an example, for a charged particle q of mass m executing simple harmonic motion along X-axis with frequency ω, its displacement from equilibrium is x(t) = x 0 sin ωt Ret and its acceleration is a(t) =ẍ = −x 0 ω 2 sin ωt Ret .
The charged particle having nonzero acceleration will radiate and will therefore experience the self force given by
We shall now study the following illustrative example pertaining to radiation reaction.
III. RADIATION REACTION FROM A CHARGED PARTICLE MOVING IN A CONIC
Suppose a charged particle is moving in a conic (the intersection of a circular cone with a plane) with semi-latus rectum d and eccentricity δ with uniform angular speed ω with respect to one of the foci as origin (as shown in the FIG. 2) . The equation for this conic in polar coordinates is
The charge particle can assume the following four possible trajectories depending upon the eccentricity: for δ = 0, the conic is circle; for 0 < δ < 1, it is an ellipse; for δ = 1, it is parabola; and for δ > 1, it is hyperbola. Now,
The velocity and acceleration arė
The acceleration a(t) (Please see the Appendix) in the limit s → 0 + yields,
The self force is given by
We can now obtain an explicit expression for the radiation reaction for a charged particle moving in a circle, a parabola and a hyperbola as follows:
A charge particle moving in a circle
The self force for a charge particle q moving in a circle of radius d with constant angular velocity ω is obtained by setting δ = 0 as
A charge particle moving in a parabola
The self force for a charge particle q moving in a parabola with constant angular velocity ω is obtained by setting δ = 1 as
3. A charge particle moving in a hyperbola
Consider a charge particle q moving in a hyperbola with constant angular velocity ω. We consider the limits δ → large and s → 0 + with sδ = const.(say k) then the self force is ; n = 0, ±1, ±2...
IV. MASS RENORMALIZATION
The equation of motion for radiating charged particle is given as:
where m B corresponds to the mass of the charged particle that is not associated with the radiation reaction and is called bare mass. The bare mass m B refers to the physical phenomena at arbitrary short distance surrounding the point charge. The bare mass is not directly related to quantities that one measures at finite spatial length from the charged particle.
However, m Em = 2 3 q 2 4πε 0 c 2 s , defined as the electromagnetic mass, arises due to the presence of the electromagnetic field. The electromagnetic mass m Em is divergent for the point charge (s → 0 + ). Now, we may rewrite equation (31) as
In order to tame the divergence, the process of renormalization is implemented as follows:
Since a point charge causes an infinite electromagnetic mass, we assume it to be (+∞ + m R ) so its bare mass must be postulated to be minus infinite (−∞) so as to render the observable physical (renormalized) mass
finite. This shift is known as mass renormalization. The bare mass and the electromagnetic mass are themselves not physical observables.
In the case of charged particle executing simple harmonic motion, the divergence piece of the self force m Em x 0 ω 2 sin ωt acts away from the equilibrium position. Whereas for the charged particle moving in a circle, the divergent piece of the self force appears in the form of the centrifugal force m Em ω 2 Rr ′ . To have a sensible theory, these infinities are made to absorb via mass renormalization to obtain the physically observable mass.
